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Abstract 

The aim of this paper is to analyse trend changes in long-term time series of age-specific fertility 

rates of females in the Czech Republic. Database from the Czech Statistical Office (CZSO) is 

available from 1925 to 2012, which means that state systems and political regimes in our society 

changed several during this period. We search when the distribution of age-specific fertility 

rates was normal, i.e. we use series of Jarque-Bera tests of normality for individual time series 

of age-specific fertility rates. Although it may seem that normality was not observed in the 70s 

of the last century – (due to significant pro-population arrangements of political regime), it is 

not true. The time series are not normal during first half of 80s only. Than the medians were 

analysed using principal components method, (which is implemented in “demography” package 

for the RStudio software). On the basis of four 20-years long time intervals from 1931–1950 to 

1991–2010 we examine the changes in median fertility curves, which were significantly shifted 

to the right over the time. These results are important for subsequent analysis because for 

working with demographic data about fertility and constructing e.g. the fertility projection it is 

necessary to take into account the most recent data only, which are not significantly skewed 

and influenced by various factors. 
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Introduction 

Fertility is an important part of the natural population change. Modelling and estimating future 

fertility is in demography more complicated than e.g. in the case of mortality, because fertility 

is influenced by several factors (see e.g. Šimpach, Langhamrová, 2014b). The population 

development and improving the living standard in the country is closely related to 

postponement of first childbirth to the later age (see e.g. Bílková, 2009 or Šimpach, Pechrová, 

2013) and together with the decline of number of live births in total. This decrease is below the 
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level of simple reproduction of the population (2.08 children per 1 female within the 

reproduction period) in the Czech Republic. The database of Czech age-specific fertility rates 

recorded many significant changes from 1925 to 2012, because the development of these rates 

was affected by a wide range of social changes (e.g. by the 2nd World War, two parts of the 

Communist regime, pro-population policies in 70s and massive support of young families with 

children, and as well as the downturn of this development during the post-revolutionary period). 

The aim of this paper is to explore time period when the distribution of age-specific 

fertility rates was normal using series of Jarque-Bera tests of normality for individual time series 

of age-specific fertility rates from 1925 to 2012. Our results reject the hypothesis claiming, that 

this distribution was not normal during the pro-population policies in 70s, and together we 

confirm, that the distribution of Czech fertility has normal distribution in these days. Fertility 

distribution loses its kurtosis and positive skewness. It becomes flat, with median almost equal 

to mean. This important information is necessary for the next analysis of demographic fertility 

data. Using the principal component approach1, implemented in RStudio “demography” and 

“rainbow” package (Hyndman, Shang, 2009, Hyndman, 2012) we analyse the changes in the 

development of median fertility curves during four 20-years long time intervals, (which we set 

as 1931–1950, 1951–1970, 1971–1990 and 1991–2010). Last mentioned period has normal 

distribution and thus on the bases of the found median fertility curve we estimate the parameters 

of the distribution of this curve, which could be used instead of ax parameter of the Lee-Carter 

model for predicting levels of fertility in future population studies. 

 

1 Materials and Methods 

The data were obtained from the Czech Statistical Office (CZSO) database. Using the numbers 

of live-born persons to x-year-old mothers in the year t (labelled Nx,t) and the numbers of mid-

year females’ x-year-old in time t (labelled S̅x,t), we establish the BASE (according to Hyndman, 

2012) in RStudio software (R Development Core Team, 2008). The BASE is filled by age-

specific fertility rates, particularly by these rates in exponential expression as 
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1 Principal component and analysis of main explaining factor is an important tool for researchers and therefore is 

used in many other studies, e.g. by Bartošová, Bína (2012) in the case of  monetary poverty and households, 

Bartošová, Longford (2014) in the case of Czech Republic’s income or Bílková (2012) for Czech wages and 

incomes according to highest level of education attained. 
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These BASEs of rates are established due to the reason that this structure together with 

“demography” and “rainbow” package (Hyndman, Shang, 2009, Hyndman, 2012) is used for 

stochastic fertility modelling by Lee-Carter model (Lee, Carter, 1992, Shang, Hyndman, 2010) 

txtxxtx kbaf ,,  ,     (2) 

where ax are the age-specific fertility profiles independent of time, bx are the additional age-

specific components determine how much the fertility in each age group changes when kt 

changes and kt are the time-varying parameters – fertility indices. εx,t is an error term with the 

classical characteristics of white noise. Using the principal components (PC) method, (which 

can be acquired using the mentioned packages), it is possible to identify the outlying years of 

the analysed population. These is graphically displayed based on the results of the PC scores. 

Shang, Hyndman (2010) introduced the functional and bivariate bagplots for clear 

visualization of the outliers in functional data. We use their approach to identify the outliers in 

the development of age-specific fertility rates. The functional and bivariate bagplots always 

contain two regions: dark and light grey. The first one contains 50% of all observations. There 

are also three curves – black curve shows median and 2 dashed lines are 95% confidence 

intervals. As noted by Shang, Hyndman (2010): “functional curves that are outside the border 

region are considered to be outliers”. These curves are in functional bagplot shown in colour. 

The bivariate bagplot does not show the median curve, but Tukey depth median (see e.g. Tukey, 

1975). Coloured points with year label outside the fence region are outliers. 

According to the methodology elaborated by Jarque, Bera (1980) we are able to 

examine, whether the distribution is normal at the 5% significance level. We test the null 

hypothesis H0: there is normal distribution, against the alternative H1: non H0. The test criterion 

     2222  KSKTCJB ,     (3) 

where SK is skewness and K is kurtosis, has chi-square distribution with 2 degrees of freedom2. 

We reject the null hypothesis if JB(TC) ≥ χ0,95(ν = 2). 

 

2 Results and Discussion 

Empirical age-specific fertility rates fx,t of the Czech females in 1925–2012 can be seen in 

Fig. 1, where is evident the significant change of mode of this distribution to the advanced ages. 

We look on every single year as an individual time series and verify the null hypothesis of 

                                                           
2 The presence of normality examined in empirical studies, e.g. also Löster, Pavelka (2013) in the case of clustering 

in real economic tasks, or Löster (2014), who dealt with the income inequality in the regions of the Czech Republic. 
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normality. Calculated Jarque-Bera TC (with estimated p-values) are shown in Fig. 2. In the case 

that the p-value is less than 0.05, the hypothesis of normality is rejected at the 5% significance 

level. This situation occurred in the years 1980–1985 (dashed line highlighted field). 

 

Fig. 1: Age-specific fertility rates of Czech females in 1925–2012 in 3D perspective charts 

 

Source: data CZSO, author’s calculation and illustration 

 

Fig. 2: Jarque-Bera normality tests with development of probability values in 1925–2012 

 

 

Source: author’s calculation and illustration 
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Apart from the mentioned period, the distribution of Czech fertility has approximately 

a normal distribution, for which could be estimated its parameters. Known parameters could 

help in the projection of age-specific fertility rates to the future because this distribution could 

be used as an estimate of the average profile of fertility by age independent of time (parameter 

ax of the Lee-Carter model – see the empirical study and comparison results e.g. by Šimpach, 

Langhamrová, 2014a or Šimpach, Dotlačilová, Langhamrová, 2013). 

 

Fig. 3: Median of Czech females’ age-specific fertility rates in 1931–1950 and 1951–1970 

 

 

Source: data CZSO, author’s calculation and illustration in RStudio by “rainbow” package 

 

We divide the analysed period on four 20-years long series (1931–1950, 1951–1970, 

1971–1990 and 1991–2010). The oldest period (1925–1930) is omitted, as well as the latest 

years 2011 and 2012. We process these series by principal components method to identify 
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outliers according to Hyndman, Shang, (2009) and Hyndman (2012) and to find median curves. 

Results can be seen in the Fig. 3 for the case of 1931–1950 and 1951–1970, and in the Fig. 4 

for the case of 1971–1990 and 1991–2010. We identified outliers of age-specific fertility rates 

(years 1963 and 1964) in the analysed period 1951–1970 only, but this remoteness is not 

significant. Much more significant is the shift in median curves of these rates to the right. The 

peak of this curve was in age of 27 years within the analysed period 1991–2010 compared to 

the other three periods, when this peak was in the range of 22–23 years. The years 1980–1985, 

which have been evaluated as non-normal by Jarque-Bera test, are the part of output in the 

Fig. 4 (top). We can see that the shape of this distribution is significantly positively skewed and 

reminds the student’s t-distribution. 

 

Fig. 4: Median of Czech females’ age-specific fertility rates in 1971–1990 and 1991–2010 

 

 

Source: data CZSO, author’s calculation and illustration in RStudio by “rainbow” package 
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The most important for future analysis and modelling of Czech fertility is the output in 

the Fig. 4 (bottom). Resulting median curve, which was calculated from the interval 1991–2010 

is a compromise between mixtures of two normal distributions. The second one normal 

distribution with 30 years of modal fertility age is a reflection of the latest trend in our society. 

The last 10 years of age-specific fertility rates could create an estimation of parameter ax of the 

Lee-Carter model with parameters 

 0,00141841 ;0,03741773N 2   ,    (4) 

which can be used instead of classical average age-specific fertility profile independent of time 
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which is not robust, because it is easily influenced by outliers. Using explicitly specified 

parameters μ and σ2 based on expert judgment eliminates the possibility of bias of this profile 

and our predictions could have a more realistic development. Furthermore the prediction can 

be divided into several time intervals with possibility to select different parameters μ and σ2 for 

each interval. 

 

Conclusion 

Contrary to expectations, age-specific fertility rates of Czech females were normal at the 5% 

significance level in all analysed years, except for the period of 1980–1985. Based on the 

principal components method was found that within the specified 20-years-long time intervals 

there have been no unexpected outliers. Positive skewness of the distribution weakened in time 

and currently there is a relatively flat normal distribution with approximate values of 

parameters: N(μ = 0,03741773; σ2 = 0,00141841). Those parameters of Czech fertility can be 

used for population projection by Lee-Carter model, where instead of the original parameters 

ax can be used defined distribution of the fertility profile. This important information is 

necessary for the next analysis of demographic fertility data. According to Lee-Carter 

methodology (Lee, Carter, 1992) the parameter ax is not dependent on singular value 

decomposition of age-and-sex specific matrix of demographic rates and therefore it can be 

explicitly inserted into the calculation without compromising the correctness of estimation 

parameters bx and kt. It is also possible to change these parameters over time based on additional 

information and expert opinion. 
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