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Abstract. For the needs of actuarial demographics, it is not sufficient to construct 

only deterministic models, but it is suitable to combine the results also using stochastic 

ones. Finding optimal form of the model is a complicated process, because it is nec-

essary to test not only statistical significance of the parameters, but also the signifi-

cance of the whole model and to respect the results of the diagnostics tests. While 

applying of this modelling on data of age-and-sex specific mortality rates, there is a 

problem in the number of those models. There are about 2 × 101 or more models in 
advanced populations, as each gender is necessary to model separately and the age 

range is usually surveyed by statistical offices in the intervals 0–100+ completed years 

of life. 

The aim of the paper is to assemble 2 × 101 optimal ARIMA models on the data of 

logarithms of age-and-sex specific mortality rates in the Czech Republic. Those mod-

els are diagnosed and consequently used for predictions. Other 2 × 101 ARIMA mod-
els are created on the same data, but using automatic process in software RStudio. It 

is applied a compromise form of the model on all time series. Both approaches - user 

and automatic are compared based on the results of the projection, that is recalculated 

on the probability of death of x-year old person. It was proved that automatic process 

is significantly faster and that the results of the projections are not distorted. 
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1 Introduction 

“Mortality rates of human populations in developed countries are declining with time” (Finkelstein, [6]). With 

increasing life expectancy improving long-term care and sustaining the pension system are becoming an important 

issue. Besides, establishing methodologically sound longitudinal data sets is necessary in order to examine the 

phenomena (Andel [1]). For the purposes of actuarial demography, it is not sufficient to construct only determin-

istic models, but it is necessary to combine them and to compare the results also which stochastic ones. “The 
actuarial and demographic literature has introduced a myriad of (deterministic and stochastic) models to forecast 

mortality rates of single populations” (Antonion, Bardoutsos and Ouburg [2]). Work of Gompertz [10] played an 

important role in shaping the emerging statistical science. Gompertz model provided a powerful stimulus to ex-

amine the patterns of death (“law of mortality”) across the life course not only in humans but also in a wide range 
of other organisms (Kirkwood [13]). Since that many of models have been developed. Lee and Carter [14] pub-

lished a new statistical method for forecasting mortality in 1992. Since that it has been applied on many real data 

of the populations. For example, Li and Lee [15] applied the Lee-Carter model to a group of populations, allowing 

each its own age pattern and level of mortality but imposing shared rates of change by age. 

However, there are more models used. For example, Antonion, Bardoutsos and Ouburg [2] presented in their 

paper a Bayesian analysis of two related multi-population mortality models of log-bilinear type, designed for two 

or more populations. Gogola [8] used stochastic mortality – Cairns, Blake and Dowd model that is well suited at 

very high ages to calculate mortality rates of age categories from 85 to 115 for selected countries. Godunov [9] 

compared several models applied on particular populations and found that „the most appropriate models of smooth-
ing mortality curve are Kannistö-Thatcher (UK) Martinell (Sweden) and Kannistö (Canada). On the other side, the 
least suitable models are Coale-Kisker (Singapore), Gompertz-Makeham and modified Gompertz-Makeham 

(Czech Republic, Slovakia, Germany)“. Mortality rates in the Czech Republic was calculated for example by 

Jindrová and Slavíček [12]. They applied Lee-Carter model on Czech population in the period of 1950–2009 and 
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predicted the development of specific mortality rates and consequently life expectancy for period 2010–2029. In 

the broader context, Fiala and Langhamrová [5] analysed of the development of the sex-and-age structure of the 

Czech population of productive age based on the latest population projection of the Czech Statistical Office. Prob-

abilistic projections of age-specific mortality and fertility rates were done for example by Ševčíková et al. [16] in 

order to apply probabilistic population projections on United Nations (UN) countries. 

Finding optimal form of the model age-and-sex specific mortality rates mx,t (respectively probability of death 

(qx,t) after recalculation according to life table algorithm) is a complicated process, because it is necessary to test 

not only statistical significance of the parameters, but also the significance of the whole model and to respect the 

results of the diagnostics tests. Finding a suitable model for mx,t raises a problem that there are about 2 × 101 or 
more models in advance populations, because each gender and age3 is necessary to model. Therefore, the aim of 

the paper is to compare user and automatic ARIMA approaches towards the model selection based on the results 

of the mortality projection that is recalculated on the probability of death of x-year old person. Paper shows that 

automatic process is significantly faster and that the results of the projections are not significantly distorted. 

2 Methods and Data 

Mortality is one of the demographic indicators showing the percentage of deaths for a certain period from a group 

of people. The age-specific mortality rates are one of the basic quantities used in modelling mortality. They are 

calculated according to the formula (1) 
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where mx,t is age-specific mortality rate in age x and time t, Dx,t is the number of deaths at completed age x in time 

t, and Ex,t is mid-year state of x-year old population in time t, i.e. exposure to risk. Based on the observation of 

large population groups using demographic methods it is possible to estimate the probability of death for males 

and females of different ages and other important characteristics. From mortality tables at each year are calculated 

probabilities of death (qx,t) at age x and time t as (2) 
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where e represents Euler’s constant. Probabilities of survival (px,t) at age x and time t are therefore calculated as 

px,t = 1 – qx,t. (Next steps can be seen, for example, in paper by Šimpach and Langhamrová [17]). 

Data about of age-and-sex specific mortality rates for the period 1920–2015 in the Czech Republic were ob-

tained from Czech Statistical Office (CZSO). They were consequently transformed to logarithms, tested by 

Dickey-Fuller test (ADF test) whether they were stationary and Box-Jenkins (Box and Jenkins [4]) methodology 

was applied on them. There are 3 types of ADF test with constant and trend, with constant only, and without 

constant and trend (i.e. without deterministic elements). The first case is calculated according the equation (3) 
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where ∆ is the first difference of the examined variable, t is the trend variable in this case, εt is pure white noise 

error term, m is the maximum length of the lagged dependent variable, and α, β are parameters (β1 represents the 

constant). Box and Jenkins [4] introduced the models that are working with autoregressive (AR(p)) and moving 

average (MA(q)) processes. When the time series is not stationary, its difference of dth order must be done. Diag-

nostic of the model type is done by Autocorrelation function (ACF) and Partial Autocorrelation function (PACF) 

that were plotted in order to determine the order p of AR process and order q of MA process. General 

ARIMA(p,d,q) model is formulated as (4). 
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There were assembled 2 × 101 optimal ARIMA models on the data of logarithms of age-and-sex specific 

mortality rates in the Czech Republic. From above stated information can be seen that wide diagnostic of the 
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models is needed. Appling all tests to 202 time series manually can be time consuming. Therefore, other 2 × 101 

ARIMA models were applied on the same data, but using automatic process in software RStudio. Both approaches 

user and automatic are compared based on the results of the projection, that is recalculated on the probability of 

death of x-year old person. 

3 Results 

From the empirical data of age-and-sex specific mortality rates in logarithms (see Fig. 1, top charts) is evident, 

that there was unstable development of time series of mortality rates until 1950 (especially in the case of male 

population). The age-and-sex specific mortality rates are lower in the case of female population, because, in gen-

eral, the intensity of mortality (μx,t according to Gompertz law) of the female population is lower in most age 

groups. Significant difference between male and female mortality is in age group 18–32 years and at the oldest 

age groups (85+). Higher mortality level of young males is caused by suicides, poisoning, dangerous behaviour, 

gambling, etc. (this is unfortunately a long-term trend in most populations, not only in the Czech Republic). Re-

calculated values of age-and-sex specific probabilities of death according to the life table algorithm are shown in 

Fig. 1 (bottom charts). It is well known that the instability of the time series reduces their predictive capability 

(Bell [3] or Gardner, McKenzie [7]). The history, although, has the lowest weight in the prediction model. For  

modelling of mortality, which is a long-term process that has for each population its long-term trend, the history 

(even with a little weight) could be quite important. We do not smooth the empirical data in this paper according 

to Gogola [8] or Godunov [9] and rather use the ARIMA models with or without constant on raw data. 

  

  

Figure 1 Logs of age-and-sex specific mortality rates for males and females in the Czech Republic (top charts) 

and calculated probabilities of death (bottom charts). Data source: CZSO, authors’ illustration. 
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Overview of ARIMA models used on 2 × 101 time series is for males shown in the Table. 1, for females in 

Table 2. These models were evaluated by residual diagnostic tests (autocorrelation, heteroskedasticity and normal-

ity; see e.g. paper by Jarque and Bera [11]) and they are correct in all cases at 5% statistical significance level. It 

is clear from this overview that the most common form of models is ARIMA(0,1,1) with a constant. (This situation 

occurred in 77 cases (out of 101) in male population and in 61 cases (out of 101) in female population). This form 

was used as a compromise and a script was programmed to fit the 2 × 101 time series once again in the RStudio 

software. It was done this time without diagnostic tests, which could not be at 5% significance level statistically 

significant in some cases. Therefore, some parameters might have be deflected. 

 

Age Model Age Model Age Model Age Model Age Model Age Model Age Model Age Model 

0 (0,2,1) c 13 (0,1,1) c 26 (0,1,1) c 39 (0,1,1) c 52 (0,1,1) c 65 (0,1,1) c 78 (0,1,1) c 91 (0,1,2) c 

1 (0,1,1) c 14 (0,1,1) c 27 (0,1,1) c 40 (2,2,1) 53 (0,1,1) c 66 (0,1,1) c 79 (1,1,1) c 92 (2,1,0) c 

2 (2,2,1) 15 (0,1,1) c 28 (0,1,1) c 41 (0,1,1) c 54 (0,1,1) c 67 (0,1,1) c 80 (0,1,1) c 93 (0,1,1) c 

3 (0,1,1) c 16 (0,1,1) c 29 (0,1,1) c 42 (0,1,1) c 55 (0,1,1) c 68 (0,1,1) c 81 (0,1,1) c 94 (0,1,2) c 

4 (0,1,1) c 17 (0,1,1) c 30 (0,1,1) c 43 (0,1,1) c 56 (2,1,0) c 69 (0,1,1) c 82 (0,1,1) c 95 (1,1,1) c 

5 (0,1,1) c 18 (0,1,1) c 31 (2,2,1) 44 (0,1,1) c 57 (0,1,1) c 70 (0,1,1) c 83 (1,1,1) c 96 (0,1,2) c 

6 (0,1,1) c 19 (0,1,1) c 32 (0,1,1) c 45 (0,1,1) c 58 (0,1,1) c 71 (0,1,1) c 84 (0,1,1) c 97 (0,1,1) c 

7 (0,1,1) c 20 (0,1,2) c 33 (0,1,1) c 46 (0,1,1) c 59 (0,1,1) c 72 (0,1,1) c 85 (0,1,1) c 98 (0,1,1) c 

8 (0,1,1) c 21 (0,1,1) c 34 (0,1,1) c 47 (2,1,0) c 60 (0,1,1) c 73 (1,1,0) c 86 (0,1,1) c 99 (0,1,2) c 

9 (0,1,1) c 22 (0,1,1) c 35 (0,1,1) c 48 (1,1,0) c 61 (0,1,1) c 74 (1,1,0) c 87 (0,1,1) c 100+ (0,1,1) c 

10 (0,1,1) c 23 (0,1,1) c 36 (0,1,1) c 49 (0,1,1) c 62 (0,1,1) c 75 (2,1,0) c 88 (0,1,1) c   

11 (0,1,1) c 24 (0,1,1) c 37 (0,1,1) c 50 (2,1,0) c 63 (0,1,1) c 76 (0,1,1) c 89 (0,1,2) c   

12 (0,1,1) c 25 (2,1,0) c 38 (0,1,1) c 51 (1,1,0) c 64 (0,1,1) c 77 (0,1,1) c 90 (2,1,0) c   

Table 1 ARIMA (p,d,q) models with or without constant for male’s logarithms of age-specific mortality rates at 

the exact age 0–100+ in the Czech Republic. Source: authors’ illustration. 

 

Age Model Age Model Age Model Age Model Age Model Age Model Age Model Age Model 

0 (0,2,1) c 13 (0,1,1) c 26 (0,1,1) c 39 (0,1,1) c 52 (0,1,1) c 65 (1,1,0) c 78 (2,1,2) c 91 (1,1,1) c 

1 (0,1,1) c 14 (1,1,1) c 27 (0,1,1) c 40 (2,1,0) c 53 (0,1,1) c 66 (1,1,0) c 79 (0,1,1) c 92 (2,1,0) c 

2 (1,1,1) c 15 (0,1,1) c 28 (0,1,1) c 41 (1,1,0) c 54 (0,1,1) c 67 (0,1,1) c 80 (0,1,1) c 93 (0,1,1) c 

3 (2,1,0) c 16 (2,1,0) c 29 (0,1,1) c 42 (0,1,1) c 55 (0,1,1) c 68 (0,1,1) c 81 (0,1,1) c 94 (2,1,1) c 

4 (2,1,0) c 17 (0,1,1) c 30 (0,1,1) c 43 (0,1,1) c 56 (0,1,1) c 69 (0,1,1) c 82 (0,1,1) c 95 (1,0,0) c 

5 (0,1,1) c 18 (0,1,2) c 31 (0,1,1) c 44 (0,1,1) c 57 (0,1,1) c 70 (0,1,1) c 83 (0,1,1) c 96 (1,0,0) c 

6 (1,1,1) c 19 (0,1,1) c 32 (0,1,1) c 45 (0,1,1) c 58 (2,1,0) c 71 (1,1,0) c 84 (0,1,1) c 97 (0,0,2) c 

7 (0,1,1) c 20 (0,1,1) c 33 (0,1,1) c 46 (0,1,1) c 59 (1,1,1) c 72 (2,1,0) c 85 (0,1,1) c 98 (0,0,2) c 

8 (2,1,0) c 21 (0,1,1) c 34 (0,1,1) c 47 (0,1,1) c 60 (0,1,1) c 73 (1,1,0) c 86 (0,1,1) c 99 (1,1,0) c 

9 (2,1,0) c 22 (2,1,0) c 35 (2,1,0) c 48 (0,1,1) c 61 (0,1,2) c 74 (2,1,0) c 87 (0,1,1) c 100 (0,1,1) c 

10 (0,1,1) c 23 (0,1,1) c 36 (0,1,1) c 49 (1,1,1) c 62 (1,1,0) c 75 (2,1,0) c 88 (0,1,1) c     

11 (0,1,1) c 24 (1,1,0) c 37 (0,1,1) c 50 (0,1,1) c 63 (1,1,0) c 76 (0,1,1) c 89 (1,1,1) c     

12 (1,1,1) c 25 (0,1,1) c 38 (0,1,1) c 51 (0,1,1) c 64 (0,1,1) c 77 (0,1,1) c 90 (2,1,0) c     

Table 2 ARIMA (p,d,q) models with or without constant for female’s logarithms of age-specific mortality rates 

at the exact age 0–100+ in the Czech Republic. Source: authors’ illustration. 

Optimized (user) models and compromised ARIMA (0,1,1) c (automatic) models were subsequently used to 

predict the indicator up to the year 2050. These mortality rates were recalculated using classical life table algorithm 

into the probability of death. Results are shown in the Figure 2, where at the top are the results of prediction by 

user models, in the middle part by automatic (ARIMA (0,1,1) c) models. For mutual comparison, the differences 

were calculated as 

 ( ) automatic

tx
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and these results are subsequently shown in the Figure 2 on the bottom. As can be seen from the results, there are 

almost no differences in prediction of the probability of death in the age groups of 0–95 years. Only in the highest 

age groups over 95 years there are deviations, which are probably caused due to variability in empirical data. If 

we would program a script that will smooth the input data using one of the existing levelling models, the ARIMA 

model (0,1,1) c would probably work better and the detected deviations would not occur. Because the variability 

in the highest age groups in input data is lower in the case of male population, the resulting deviations are therefore 

significantly smaller. 
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Figure 2 Forecasted age-and-sex-specific probabilities of deaths for male and female population in the Czech 

Republic up to the year 2050 using user and automatic approach. Source: authors’ illustration. 
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4 Conclusion 

The aim of this paper was to perform two approaches to modelling age-and-sex specific mortality rates for male 

and female population in the Czech Republic. We estimated 2 × 101 optimal ARIMA models and these subjected 

to the diagnosis of residues (autocorrelation, heteroskedasticity and normality). Then we forecasted mortality rates 

up to the year 2050. In the second step, we found that the most frequently occurring form of the model is 

ARIMA (0,1,1) with constant. We programmed script that uses this model structure and applies it to all 2 × 101 

time series again using RStudio software, this time without the evaluation by the diagnostic tests. Consequently, 

we calculated the forecasts up to the year 2050 as well. It was found that in the case of male population are the 

results almost comparable. Differences depending on used model are greater in the case of female population. It is 

mainly caused by great variability in the raw data at the highest ages. This problem could be resolved by smoothing 

of mortality data by some of the existing models (see e.g. study by Gogola [8] or Godunov [9]), but that would 

bring a lot of extra steps that would completely eliminate the effect of saving work and effort. 
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