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Abstract. Fertility represents one of the basic components of natural
population replacement. Changes in the level and distribution of fertil-
ity are characterized by social conditions, lifestyle and also by decision
makings of individuals. There are studies that try (using the principal
components method and stochastic trend) to find a model that explains
and predicts the future development of age-specific fertility rates (fx,t).
In our paper we use the Lee-Carter model, which explain the matrix of
fx,t using parameters ax, bx and indices kt. The parameters ax are in
the case of fertility very often skewed and biased in comparison with the
mortality models, due to the estimation methodology of this parame-
ter (arithmetic mean). In the case of fertility of the Czech Republic and
Spain we show an approach that combines always two Lee-Carter models
together for each population. It eliminates the risk of bias of parameter
ax and all of the general conditions of mathematical statistics and ap-
proaches for the time series modelling remain respected. The result of
our paper is the projection of fx,t of Czech and Spanish females up to
the year 2050 using appropriately modified Lee-Carter model.
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1 Introduction

The challenge for demographers is to model fertility and also to estimate its
potential future level for the purposes of population projections, because fer-
tility is an essential aspect of reproduction or population replacement of each
country. The population development and improving the living standard in the
country is closely related to postponement of first childbirth to the later age
and together the decline of live births in total (see e.g. the paper from Rueda,
Rodriguez [15] or Simpach, Pechrova [18]). In many populations this decrease
is below the level of simple reproduction of the population (2.08 children per 1
female within the reproduction period) and in general, the southern European
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countries have a much lower level of fertility than northern European countries
(see Caputo, Nicotra, Gloria-Bottini [5]). Czech Republic and Spain has quality
dataset published in Human Fertility Database (HFD [7]) that will allow us to
obtain the age-specific fertility rates fx,t (x is age and t is time) of Czech and
Spanish females from 1925 to 2012. During this period, the development of these
rates was affected by a wide range of social changes, which also brought the con-
sequences of changes in fertility of females. Difficult to explain and difficult to
predict is the behaviour as the result of individual decisions in family planning
(see Peristera, Kostaki [14]). The level of fertility cannot permanently decrease
in the future, because there is its logical value which was never exceeded, (e.g.
the past development of the Czech time series showed that in 1999 there was the
total fertility rate (tfr) 1.13 live birth child per 1 female during her reproductive
period and the range of values 1.13–1.18 was in many other cases during the 90s
of the last century. Also Spanish population had a period in 90s with very low
level of tfr. From the time series published by HFD is visible that between 1995
and 1998 was the tfr in the range of 1.16 to 1.18 live birth child per 1 female
during her reproductive period.) Neither this value can permanently grow in the
future, because of health point of view there is a maximum possible value that a
female cannot exceed (see e.g. paper by Myrskylae, Goldstein, Cheng [13]). The
level of tfr varies between its logical lower and upper limits in time, and just as
well depends on the shape of the distribution of fx,t (Rueda, Rodriguez [15]).

There are approaches to analyse and model fertility in developed popula-
tions in order to be able to construct the fertility projections. Peristera, Kostaki
[14] prepared an extensive case study on the United Kingdom, Ireland, France,
Greece, Norway, Italy, Denmark, Austria and the United States using the Had-
wiger Model, Gamma Model, Beta Model and Quadratic Spline Model. Hyn-
dman, Ullah [9] paid attention to France using robust approach to modelling
fertility based on the approach by Lee, Carter [11]. This was used before only on
mortality modelling (see e.g. Arlt et al. [2]), and its capabilities were extended
and used on fertility analysis later. Given that our dataset is suitable for Hynd-
man, Ullah approach [9], (based on studies by Lee, Carter [11], Lee, Tuljapurkar
[12] and later by Rueda, Rodriguez [15]), we apply this method.

There is a certain complication. Lee-Carter model is based on singular de-
composition of fx,t matrix while the results are estimations of parameters ax,
bx and of indices kt. Taking into account that in case of fertility the parame-
ter ax is estimated as non-weighted arithmetic mean of fx,t, this means that
it is often biased by outliers from past development. In order to model fertil-
ity in desirable quality and to found main components which explains it, it is
necessary to analyse sufficiently long database. We have adequately long time
series for the population of the Czech Republic and Spain (period 1925–2012).
For prediction of future development of the Lee-Carter model’s fertility indices
kt a sufficient length of the analysed period is required. Contrary to that this
appropriate length cause biased of the parameter ax. It will be deviated to the
position which is not real taking into account current development of developed
European populations. Namely majority of European populations had high level
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of fertility in period of 60s and 70s of the past century. It was concentrated into
low ages (around 20 years of life). Current population development in Europe
shows that fertility distribution is far more flat and concentration of child birth
is postponed to higher ages than in the past (around 30 years of life).

The aim of the paper is to increase the prediction power of Lee-Carter model
by combining two Lee-Carter models for each analysed populations. Parameters
ax, bx and indices kt are estimated on the complete database for years 1925-
2012. However, parameter ax is inapplicable. In the second step, the time series
is shorten for each population on the period 1998-2012 (15 years of the most
recent development). The value of 15 reflects the age of females entering the
reproduction period and this 15-year period will be the best reflection of the
current fertility situation in the population. Using this shorten matrix, parame-
ters ax, bx and indices kt are again estimated. Parameter bx has similar values
as in the first model, indices kt are inapplicable for extrapolation due to short
analysed period, but parameter ax reflects real current shape of age-specific fer-
tility profile which is not bounded by the history. This parameter ax is used
instead of the former ax from the first model. Parameters bx and indices kt from
the first model are all right. Indices kt are predicted up to year 2050. It is fea-
sible as the requirements of mathematical-statistics are met and rules for time
series modelling by Box-Jenkins methodology [4] are abide. The substitution of
unrealistic (biased) parameter increases prediction ability of Lee-Carter fertility
model. Using the model, a sophisticated projection of fx,t is calculated for the
Czech Republic and Spain until year 2050. At the end of the article, the pro-
jections results are compared with experts’ estimations of the Eurostat in low
variant. It is obvious that the results are similar and consistent.

2 Materials and Methods

We use the data from the HFD [7] about fx,t of the Czech and Spanish females,
which were calculated as

fx,t =
Bx,t

Ex,t

, (1)

where Bx,t is the number of live-born persons to x -year old mothers in year t and
Ex,t is the exposure to risk, which is estimated as the number of midyear female
population x -year old in year t, x = 15–49 completed years of life (reproductive
period of females) and t = 1925–2012. After (× 1,000) we interpret the result as
the number of live births per 1,000 x -year old females in year t. Empirical values
of these rates are shown for Czech (top charts) and Spanish (bottom charts)
population in the Fig. 1. Sum of fx,t is the total fertility rate in year t

tfrt =
49∑

x=15

fx,t (2)

which is the sum of live births per one female during her reproductive period.
Used approach in our paper is based on principal components. The empirical
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Fig. 1. Empirical values of fx,t of the Czech (top charts) and Spanish (bottom charts)
females for the period 1925–2012. Source: data HFD, authors’ illustration.

values of fx,t can be decomposed (Lee, Carter [11] or Lee, Tuljapurkar [12]) as

fx,t = ax + bx × kt + εx,t (3)

where x = 15–49, t = 1,2,...,T, ax are the age-specific fertility profiles indepen-
dent of time, bx are the additional age-specific components determine how much
each age group changes when kt changes and finally kt are the time-varying
parameters – the fertility indices. (εx,t is the error term with characteristics of
white noise). The estimation of bx and kt is based on Singular Value Decomposi-
tion (SVD) of matrix of fx,t, presented e.g. by Bell, Monsell [3], Lee, Carter [11]
or Hyndman, Ullah [9]. The fx,t at age x and time t create 35× T dimensional
matrix

F = A+BK⊺ +E (4)

and the identification of Lee-Carter model is ensured by conditions

49∑

x=15

bx = 1 and
T∑

t=1

kt = 0. (5)

Finally,

ax =

∑T

t=1 fx,t

T
, (6)

is the simple arithmetic mean of fx,t. There occurs the problem mentioned in the
introduction part that is based on the characteristics of non-weighted arithmetic
mean. Most developed populations in Europe has undergone a transformation of
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fertility distribution, particularly by changing the skewness of this distribution
and by shifting the mode. Because the ax parameter is biased, there will be
performed the estimation of model (A) for each population, based on the data
matrix of 1925 to 2012 and then the estimation of model (B), which is based of
the data matrix of 1998 to 2015. Fifteen-year length of the analysed time series
represents the length of female’s life before entering the reproductive period. On
the basis of the estimated parameters of model (A) and (B) we combine both
information into one model and estimate the future development of fx,t as

fx,t = â(B)
x + b̂(A)

x × k̂
(A)
t , (7)

where letters (A) and (B) denote first or second model. For predicting the future
fx,t it is necessary to forecast the values of parameter kt only. This forecast is
mostly calculated by ARIMA(p,d,q) models (Box, Jenkins [4]). The values of
the parameters ax and bx are independent of time and the prediction using the
Lee-Carter model is therefore purely extrapolative (Lee, Tuljapurkar [12]).

3 Results

We estimate the parameters ax (age-specific fertility profiles independent of
time), bx (additional age-specific components determine how much each age
group changes when kt changes) and kt (the time-varying parameters - fertility
indices) for Lee-Carter’s model of Czech and Spanish population based on data
matrix from 1925 to 2012 using the SVD method implemented in the R package
“demography” (Hyndman [8]). We can see the parameters for Czech (top charts)
and Spanish (bottom charts) females in the Fig. 2, from which it is also clear the
comparison between the different evolution of these parameters. The parameters
ax have more normal distribution in the case of Spain, because in the considered
period were the fx,t of Czech females significantly affected by the government
population policy of the former political regime in the country. Spanish popu-
lation has lower variability in the development of parameters bx. The fertility
indices kt were estimated on the basis of sufficiently long time series, therefore
it is possible to predict these indices up to the year 2050 on the basis of the
methodological approach ARIMA. This process was ran by “forecast” package
in RStudio (Hyndman [8], Hyndman, Ullah [9]). Parameters of ARIMA models
for the Czech and Spanish population are displayed in Tab. 1.

As the information of suitability of including parameters into the ARIMA
model there are used the student’s t-tests (the proportions of the value of the
estimated parameters and their standard errors (s.e.) should be in absolute value
greater than 2 for the 5% significance level) and further the information criteria
that penalize model which uses an unnecessarily large number of parameters,
or optionally uses unsuitable parameters. Among used criteria in this paper
belongs AIC (Akaike Information Criterion) (see Akaike [1]) and the Bayesian
Information Criterion BIC (see Schwarz Gideon [16]). The lowest values of the
criteria indicating suitability of the model.
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Fig. 2. The results of two Lee-Carter’s models, (where top charts are for the Czech, bot-
tom charts for the Spanish population respectively). There are estimates of parameter
ax (left), bx (middle) and the fertility indices kt (right). Source: authors’ calculation.

In the case of indices kt is their prediction often quite difficult due to variabil-
ity of this indicator over time. Breusch-Godfrey serial correlation test verified,
that there is no serial correlation in the case of Czech (F = 2.1071, p-value =
0.1281) and Spanish (F = 1.7626, p-value = 0.1780) population, but according to
heteroscedasticity and normality test are these models weaker. This issue could
be eliminated by adding a statistically insignificant parameters into the models,
but we will be penalized by information criteria. Hyndman, Ullah [9] recommend
using as few parameters with the lowest values of AIC and BIC.

Czech Republic: ARIMA (1,1,0) Spain: ARIMA (1,1,0)

AR(1) 0.3494 AR(1) -0.2626
s.e. 0.1000 s.e. 0.1028

t-stat. 3.4940 t-stat. -2.5545

AIC -142.98 AIC -65.65
BIC -138.05 BIC -60.72

Table 1. Estimated parameters of ARIMA models for parameter kt of the Czech (left
side) and Spanish (right side) population. Source: authors’ calculation.

Fig. 3 shows that the Spanish time series contain a little more information
that is then used in the prediction. Relatively constant prediction is a common
result of these models, because in the case of fertility cannot be expected e.g.,
“the general decrease”, which is normally present in the case of mortality models
for developed populations (see e.g. Hyndman, Ullah [9], or Simpach [17]).
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Fig. 3. The estimates of fertility indices kt. On the left side is the model for the Czech,
on the right side for the Spanish population respectively. Source: authors’ calculation.

We evaluate Lee-Carter models on the basis of Charpentier, Dutang [10]
approach. We display the Pearson’s residuals (see Fig. 4) for the Czech (top
charts) and Spanish (bottom charts) females. Each model is evaluated on the
basis of the residues by age x and of the residues at time t. The most residues
are concentrated around 0, the more variability is explained by the fitted model.

Fig. 4. Diagnostic control by Pearson’s residues (top charts for the Czech, bottom
charts for the Spanish population respectively). Source: authors’ calculation.

Better results are obviously achieved in the Spanish population, because the
variability of residues is lower. It is probably caused due to greater stability
in the time series of the Spanish fertility and due to population policy during
70s in the Czech Republic, which has increased variability in the time series of
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Czech fertility. Before we connect the estimated parameters into one model and
extrapolate the fx,t of analysed populations up to the year 2050, it is necessary
to estimate the undistorted parameter ax. This estimate is made on the basis of
the shortened database for both populations (years 1998-2012), a 15-year period.
The remaining parameter bx and indices kt will not been used any more. The
estimation results of the new fertility profile ax are shown by full line in the Fig. 5
(left chart for the Czech Republic, right chart for Spain). For mutual comparison
there are shown also the original distorted ax, which are presented by the full
lines with wheels. Distribution of the current level of fertility is much flatter and
the mode is shifted to the age of around 30 years in both populations. In the
case of the Spanish population is modus further than in the Czech population.

Fig. 5. Comparison of two parameters ax for the Czech (left chart) and Spanish (right
chart) population. The original distorted profiles are presented by the full lines with
wheels, the new profiles are presented by full line only. Source: authors’ calculation.

Using by estimated parameter ax (calculated on the base of model (B) –
years from 1998 to 2012), by estimated parameter bx (calculated on the base
of model (A) - years from 1925 to 2012) and by predicted indices kt (based on
ARIMA models) we calculate the projection of future values of fx,t of Czech and
Spanish females up to the year 2050. The predicted values are connected with
empirical data from HFD and together are shown on the left charts in the Fig.
6. At the same time there are shown the predicted values of fx,t only (middle
charts) and predicted values by Eurostat in the low variant (right charts). In the
case of the Czech Republic we can see that the predicted development of fx,t is
slightly lower than the expectations by Eurostat. In the case of Spain there are
our predictions and expectations by Eurostat almost the same.

Why is the differences greater in the case of the Czech Republic, we can
find, for example, in the residues of the model, which have in the case of the
Czech Republic higher variability and the explanatory power of the model is
thus slightly weaker than in the case of the Spanish population. Spain has more
stable data than the Czech Republic, and therefore we can expect that the results
predicted by modified Lee-Carter model are reliable. In the case of the Czech
Republic it is necessary to find a compromise between the results of the modified
Lee-Carter model and expert expectations by Eurostat.
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Fig. 6. Results – Czech Republic (top), Spain (bottom). Source: authors’ calculation,
HFD, Eurostat.

4 Discussion and Conclusion

As stated by Peristera, Kostaki [14], modelling fertility in modern and developed
populations is very complicated, because the level and distribution of fertility is
influenced more by social than biological phenomena. Human behaviour, both
in terms of deciding the number of births or in terms of timing and postponing
childbirth to a later age, is also influenced by political situations and expected
living conditions in the country. It is important to note that the model that was
used in our article, is based purely on statistical approaches and possible political
or social changes cannot be taken into account. It is probable that fertility in
the Czech Republic and Spain will develop according to the scenario, which was
calculated in the article, but it is not excluded that the situation in Europe will
change and fertility will be diverted into other dimensions.

The aim of the article was to improve the predictive power of the Lee-Carter
model in such way, that the deflected parameter ax was replaced by more robust
one. This modification caused that the predicted fx,t are not deflected to the
left side (to lower ages of the reproductive period) and also into the form of a
spiked fertility distribution with a high level of tfr. We can say that it is the
procedure of two-state estimation of the Lee-Carter model and its results are
much more realistic than results from standard approach. In the case of the
Spanish population the results seem to be better than the Czech population,
because residues of the model are less variable and the consistency with expert
estimates of fx,t, (published by Eurostat) is stronger. Empirical development of
Spanish time series is also more stable than in the case of the Czech Republic.
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