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Abstract.  In this paper we use classical polynomial functions of 2nd, 3rd and 4th order for 
smoothing the mortality curves at advanced ages (60–110 years of life) in the case of 
Bulgaria and Czechia. Classical polynomial functions are good approach as a supplement to 
weighted moving averages and commonly used models for smoothing variance in the age-
and-sex-specific death rates. Our results are compared with each other using adjusted index 
of determination and it will be shown that the quality of smoothing is at very good level in 
the case of Bulgaria and Czechia. 
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1 Introduction 
 
Mortality at the advanced ages (60 years and above) becomes important topic for demographers and 
for analysts in the field of health and pension insurance and also for public policy planning [15]. 
Extensions of length of human life is influenced mainly by improvement in medicine and in 
healthcare. For our future it means, that the proportion of persons at higher ages will continue to 
increase (see e.g. papers by Fiala [7], [8] or Gavrilov, Gavrilova [9]). One cause of population 
ageing is decrease in mortality. But the empirical values of age-specific death rates show 
fluctuations, which are noticeable mainly at higher ages. That is the reason why is useful to smooth 
these values. At higher ages (60 years and above), where mortality has more natural character and 
variability in observations is higher, it is possible to use some of available functions (e.g. Gompertz-
Makeham, Kanistö model, Coale-Kisker model, Thatcher model and others). On the other hand 
classical mathematical approaches as e.g. weighted moving averages or polynomial functions of 
different order could be used for smoothing of death rates as well. 
 
The countries of Central and Eastern Europe is aging as it is in the case of developed Western 
European countries [13], [14]. At first, there was a significant improvement in a care of live born 
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persons and infants, which caused the decrease of infant mortality and mortality rates during 
childhood. Later, mortality began to improve even at the advanced ages. Among reasons for this 
evolution could be included higher level of health care, standard of living, better living conditions 
or functional health and pension and social system. Another equally important reason could be more 
interest in a healthy lifestyle and also better environment in most countries (especially in industrial 
cities). Given to this evolution, it is important to have the best imagination about how long in 
average will live not only the youngest persons, but also the oldest ones. 
 
In this paper we review the existing forms of levelling functions, which are used in mortality curves 
smoothing. After we describe the methodology of polynomial functions of 2nd, 3rd and 4th order and 
apply this approach on mortality curves of Bulgaria and Czechia for males and females separately, 
for the period from 1960 to 2010. Our results are compared with each other using adjusted index of 
determination and it is shown that the quality of smoothing is at very good level. Last sections of 
this paper discuss the results and concludes remarks with future challenges. 
 
 
2 Models review 
 
From the past analysis, performed e.g. by Boleslawski, Tabeau [1] or Burcin, Tesárková, Šídlo [3] it 
is evident that the level of mortality of younger persons is different in comparison with the oldest 
ones. Therefore, it is necessary to correct estimates of mortality at the highest ages. For this 
correction are used various types of models. Nowadays we can use several existing models which 
are used for smoothing and for estimating of unknown parameters. It is possible to obtain them by 
using the professional demographical software (e.g. DeRaS, see Burcin, Hulíková Tesárková, 
Kománek [2], Statistica, or IBM SPSS Statistics). Among the most famous are included Coale-
Kisker model (see e.g. Coale, Kisker [4]) 
 
 cbxax

tx em 
2

, , (1) 
 
where mx,t are age-and-sex specific death rates and x is age. Obtained model corresponds with an 
exponential quadratic function, where a, b and c are parameters of model. Next one is Thatcher 
model (see e.g. Thatcher, Kanistö, Vaupel [16]) 
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where z = αeβx , α, β, γ are parameters of model, x is age (and μx is the intensity of mortality at exact 
age x)1

. The other one is Kannistö model (Thatcher, Kanistö, Vaupel [16]) 
 

 
  

  80

80

,
10

10

1







x

x

tx
e

e




 , (3) 

 
where θ0 and θ1 are unknown parameters. Kanistö model is a special case of the logistic function, 
where logit transformation of death rates is expressed by linear function of age. The oldest model 
(but still very frequently used) is the Gompertz-Makeham function (Gompertz [10], Makeham [12]) 
                                                 
1 For the intensity of mortality is valid a simplistic equation   xmx  21 for 59,...,3,2,1x  (see e.g. [7]). 
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where a, b and c are parameters. All these models are suitable for the elimination of fluctuations in 
age-specific death rates and their subsequent extrapolation (more e.g. in Ekonomov, Yarigin [6] or 
Dotlačilová, Šimpach, Langhamrová [5]). Another option is application of polynomial functions. 
 
In this paper we use the polynomial functions of 2nd, 3rd and 4th order and estimation of parameters 
of regression functions will be based on the age range x = 60–85 years. We evaluate the 
significance of models by adjusted indices of determination adj.R

2 and this information will be one 
of the most important about the suitability of models. The other information about suitability can be 
comparison of smoothed and extrapolated values with theoretical expectations (according to 
Gompertz [10] theory about the law of mortality in a graphical form prepared by 3D Bicubic splines 
in Statgraphics Centurion XVI software). 
 
 
3 Materials and Methods 
 
For the purposes of mortality analysis we use demographic data from the “Human Mortality 

Database” (HMD [11]) for Bulgaria and Czechia, with annual frequency of observations. Let us 
denote the polynomial function of 2nd, 3rd and 4th order as 
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where mx,t are the age-specific mortality rates calculated by ratio 
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where Dx,t is the number of died x-years old persons in calendar year t, Ex,t is the exposure to risk of 
x-years old persons in calendar year t, which is (commonly) estimated as a number of mid-year 
population x-years old in year t, β0, β1, β2, β3 and β4 are parameters of polynomial functions and εt 
should be a residual element with characteristics of white noise process, where E(εt) = 0, D(εt) = σ2, 
cov(εt ; εt’) = 0 and εt ≈ N distribution, x is age and used range is x< 0 ; 110 >. (The estimation of 
parameters of polynomial functions will be based on the age range x = 60–85 years only), t is time 
where t  < 1960; 2010 > for the case of Bulgaria and Czechia. These polynomial functions we use 
for smoothing of age-and-sex specific death rates from 60 to 85 years. This interval is not 
obligatory, but there are some authors (e.g. Burcin, Tesárková, Šídlo [3]), who recommend it. For 
the advanced ages we perform the extrapolation and our recommendation for the end is x = 110. 
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4 Results 
 
There are modelled the intensities of mortality using polynomial functions of the 2nd, 3rd and 4th 
order in the following part. We chose Bulgaria (as the population of Eastern Europe with higher 
levels of mortality) and Czechia (as the population of Central Europe with a lower mortality rates). 
The resulting outputs are fed sequentially presented using 3D Bicubic splines. In Appendix of this 
paper is presented the evaluation of obtained outputs using adjusted coefficients of determination. 

 
 

Fig. 1.  Smoothing by polynomial function of the 2nd order for Bulgarian males (left) and females (right). 
Source: authors’ calculations and construction 

 
 

 
 

Fig. 2.  Smoothing by polynomial function of the 3rd order for Bulgarian males (left) and females (right). 
Source: authors’ calculations and construction 
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Fig. 3.  Smoothing by polynomial function of the 4th order for Bulgarian males (left) and females (right). 
Source: authors’ calculations and construction 

 
 
4.1 Bulgarian population 
 
Fig. 1 shows the modelled intensity of mortality for the Bulgarian population using a polynomial 
function of the 2nd order. From the results it is evident that at high ages (90+) we receive relatively 
smooth fitting. This leads to significant removal of random and systematic variations, which are 
present in empirical death rates, especially in ages 85+. Fig. 2 shows modelled death rates for the 
same population using a polynomial function of the 3rd order. From the obtained values we can 
conclude that the selected function provides a higher level of mortality (in comparison with 2nd 
order of polynomial function). Then, it is also obvious that the function of 3rd order does not 
provide fluent fitting (especially in the highest ages). Fig. 3 shows modelled intensity of mortality 
using a polynomial of 4th order. When applying this polynomial for Bulgarian population we 
receive the least fluent fitting. (This is especially true in the highest ages – 100+). Moreover, it also 
shows that the model is not applicable for ages 100+, because there is a decrease in the mortality 
law (Gompertz [10]). Comparison of models using the adjusted indices of determination is 
presented in Fig. 7, 8 and 9 in Appendix of this paper. The best results are generally in the case of 
function of the 4th order, but that cannot be used universally. The significance of the polynomial of 
the 3rd order is sufficient in most cases and we can claim that can be used universally. 
 
 
4.2 Czech population 
 
Following part is devoted to modelling of mortality of the Czech population. Fig. 4 shows modelled 
intensity of mortality obtained when applying a polynomial function of the 2nd order. Also here is 
evident that we receive relatively smooth fitting in the highest ages. Moreover, modelled intensity 
of mortality corresponds to the assumption that the mortality decreases from past to present. In 
Fig. 5 is graphically shown the intensity of mortality modelled by polynomial function of 3rd order. 
If we compare the results obtained by function of the 2nd and 3rd order, we find that the second one 
provides higher values of the intensity of mortality. Then, it is also possible to say that we receive 
for Czech males less continuous fitting in the highest ages (compared to the previous function). Last 
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Fig. 6 shows the modelling of intensity of mortality using a polynomial function of 4th order. It is 
obvious even in the case of the Czech population that this function fails in some years. There is a 
reverse decline of intensity of mortality (breaking down the extrapolated development to the 
opposite direction). Compared to the previous functions is thus applicable in selected years only. 
Comparison of models for the Czech population using the adjusted indices of determination is 
presented in Fig. 10, 11 and 12 in Appendix of this paper. Again in this case are the best results 
generally provided by function of the 4th order. Using this function is not possible in general. The 
significance of the polynomial of the 3rd order was sufficient in most cases during development of 
1960–2010 and then we can claim that it can be universally used. 
 
 
5 Discussion and Conclusion 
 
The aim of this paper was to show different ways of smoothing mortality curve at ages 60+. As an 
analytical functions were chosen polynomial functions of the 2nd, 3rd and 4th order. By these 
functions there was modelled the intensity of mortality in Bulgarian and Czech population. Another 
goal was to assess the obtained fitting using by adj.R

2. Based on the results we can say that using a 
polynomial function of the 2nd and 3rd order brings relatively smooth fitting. A different situation 
arises when applying a function of the 4th order. This function is failing mainly in the case of 
Bulgarian population, and this misalignment is evident mainly in the highest ages (about 100 years). 
 

 
 

Fig. 4.  Smoothing by polynomial function of the 2nd order for Czech males (left) and females (right). 
Source: authors’ calculations and construction 
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Fig. 5.  Smoothing by polynomial function of the 3rd order for Czech males (left) and females (right). 
Source: authors’ calculations and construction 

 
 

 
Fig. 6.  Smoothing by polynomial function of the 4th order for Czech males (left) and females (right). 

Source: authors’ calculations and construction 
 
 
A similar conclusion can be claimed in the case of the Czech population, where a polynomial 
function of 4th order works correctly in selected years only. 
 
In the next part we dealt with the evaluation of selected models using the adjusted coefficient of 
determination. The evaluation was firstly carried out in Bulgarian population. Both in the case of 
males and females we can say, that for the modelling of intensity of mortality in the age range of 
60–85 years is the most appropriate polynomial function of the 3rd or 4th order, but towards the 
present, as seems to be more appropriate polynomial function of the 3rd order. In the case of the 
Czech population we came to a similar conclusion. Here is the most appropriate model the 
polynomial function of the 3rd (or 4th, but not in general) order. 
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Appendix 
 
Following part presents the results of adjusted determination indices for particular populations. 
 

  
 

Fig. 7.  Development of adj.R
2 for polynomial functions of the 2nd order for Bulgarian males (left) and 

females (right). Source: authors’ calculations and construction 
 
 
 

  
 

Fig. 8.  Development of adj.R
2 for polynomial functions of the 3rd order for Bulgarian males (left) and 

females (right). Source: authors’ calculations and construction 
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Fig. 9.  Development of adj.R
2 for polynomial functions of the 4th order for Bulgarian males (left) and 

females (right). Source: authors’ calculations and construction 
 
 

  
 

Fig. 10.  Development of adj.R
2 for polynomial functions of the 2nd order for Czech males (left) and females 

(right). Source: authors’ calculations and construction 
 
 

  
 

Fig. 11.  Development of adj.R
2 for polynomial functions of the 3rd order for Czech males (left) and females 

(right). Source: authors’ calculations and construction 
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Fig. 12.  Development of adj.R
2 for polynomial functions of the 4th order for Czech males (left) and females 

(right). Source: authors’ calculations and construction 
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